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Abstract

We propose a method to simultaneously estimate men’s and women’s preferences for marriage
partners using data on the characteristics of married couples and single individuals. Underlying
our method is a parametric version of a two-sided matching model of marriage considered in game
theory. There are two matching populations, men and women. Members of each population have
utilities for pairing with members of the other population, which results in a stable set of matches
between the two populations. The estimated preference coefficients determine the degree to which
measured characteristics of individuals affect choices of marital partners. We also discuss possible
uses of such estimates for projections of formations and dissolutions of marriages. Our method
should be useful in many situations in which voluntary pairings have arisen through some com-
plex process whose details have not been recorded. Besides marriage and cohabitation, data on
employment, college attendence, and coresidence of elderly parents with adult children often have
this character, as do some biological data on non-human mating. Only cross-sectional information,
rather than observations over time, is required. By assuming each individual chooses freely and
knowledgeably from the set of potential partners he or she finds available, we estimate preferences
without having either to observe these sets or to specify any details of the matching process. This
makes our method robust to unknown features of the process. Unlike a two-sided logit model pre-
viously introduced for employment data, our method does not require categorization of alternatives
on one side of the marriage market, but instead uses individual-level, quantitative characteristics
symmetrically on both sides. We test our method on simulated marriage data and illustrate its use

with marriage and cohabitation data from the 1993 Panel Study of Income Dynamics.
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1 Introduction

Social scientists are often interested in voluntary pair formation and its implications. Marriage is a
prominent example. Researchers are interested in the mating process in order to predict the future
characteristics of households in demographic projections and to understand the factors leading to
the formation, continuation, and dissolution of marriages more generally.

The ability of particular men or women to find desirable marriage partners depends on the
level of competition from other men or women, as well as on strategy and luck during the search
for a mate. Both men and women exercise choice. An abstract, theoretical understanding of pair
formation which takes into account such mutual choice is available in a branch of game theory
called two-sided matching (Roth and Sotomayor 1990). Two-sided models are distinguished from
certain one-sided models in which one or the other gender plays a completely passive role. Two-
sided matching models of marriage are made up of idealized men and women who have fixed,
relative preferences for mating with different members of the opposite sex. Using a small set of
axioms, a large number of theorems about what types of marriages should arise have been proved.
One important attraction of the theory, especially for non-economists, is that it need not assume
forward-looking rationality (i.e., rational expectations formation) on the part of actors, but can
also accommodate a more realistic view of individuals whose behavior is importantly shaped by
social factors, rules of thumb, and lack of foresight. A second attraction is that constraints on
individuals are represented without resorting to supra-individual concepts (cf. Coleman 1990).
Though this theory of two-sided matching has been used informally as a standard of comparison
for real marriage systems, it has so far not been the basis of a statistical procedure that can be
used when analyzing typical marriage data sets. Nor has it been of any practical use in making

projections of household formation in real populations, since no means of estimating preferences in



such populations has been developed.

We propose a statistical estimation procedure based on a two-sided matching model of marriage.
We will estimate the preferences of men and women for each others’ characteristics using the
most commonly-available type of data on marriage. This type of data contains selected marriage-
relevant characteristics of both single people and married partners, such as education and age.
Unfortunately, the data sets commonly available for large populations contain no information either
on the processes that led to the formation of the observed marriages or on the sets of alternative
partners from which particular actors could have chosen mates. Either kind of information would
greatly simplify estimation. In particular, if the choice sets of alternative partners available to each
actor were known, standard, one-sided conditional logit or probit models could be used to infer the
preferences of both men and women. But without knowledge of these choice sets the application of
the standard models to the commonly-available type of data produces biased preference estimates
(e.g., Ben-Akiva and Lerman 1995; for a demonstration see Logan 1996a). Obtaining data on the
actual sets of available partners for each actor in a large data set seems impracticable, as is attested
by its absence from all such data sets known to us. Our method allows us to estimate preferences
without observing the choice sets, making it useful for data sets that contain information only on
the characteristics of matched and single individuals.

Besides estimating the preferences of men and women from available data on the characteristics
of married couples and single people, we also intend eventually to make predictions of marriages
that would be observed under different conditions, assuming preferences remained constant. For
example, we intend to project the distributions of marriages that would occur if one or the other sex
decreased or increased in numbers (due perhaps to war or migration) or changed in its distribution

of marriage-relevant characteristics (perhaps because of changes in employment rates or levels of



education). Such predictions could be used for demographic projections as well as for validating
particular models.

Some clarification of the distinctive approach represented in our statistical procedures is needed.
Figure 1 presents scatterplots of married couples’ ages and educations from a typical data set that
we will analyze in section 6 of this paper. Each plotted point in the interior of the top panel shows
the husband’s and wife’s ages in a particular married couple (points have been jittered to make
multiple observations with identical values discernable). The bottom panel shows husbands’ and
wives’ years of education. Along the axes of the two scatterplots we have also plotted the ages and
educations of the unmarried men and women in the data set. Previous analyses of marriage have
focused on the joint distributions of characteristics of husbands and wives, data corresponding to
the interior points in the scatterplots of Figure 1, omitting the unmarried persons plotted along
the axes. Standard regression models have been used to estimate the distributions of husbands’
characteristics conditional on wives’, and vice versa. Such regressions are of limited use for the
goals we have established. The regression coefficients cannot differentiate the effects of wives’ and
husbands’ preferences for spousal characteristics from the effects of the distributions of desired
characteristics in the population. Neither can they distinguish the relative contributions of wives’
versus husbands’ preferences in the formation of marriages. Because the coefficients represent
only net effects of wives’ and husbands’ preferences under a particular distribution of partners’
characteristics, it is not possible to use them to make plausible predictions of the effects of changes
in any of the components. Our inferential method will allow us to do all of these things.

Considering a population of men and women with fixed characteristics, scatterplots like those
in Figure 1 suggest an interpretation different from those underlying regression analyses. In our

interpretation the data do not represent draws from a joint probability distribution of men’s and
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Figure 2: Interdependencies of Scatterplot Positions
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women’s characteristics with fixed mean and covariance, nor conditional draws from one sex’s char-
acteristics given the other’s. Instead, the data in the scatterplots—here including the characteristics
of the unmarried individuals along the axes—satisfy fixed marginals on both axes. These fixed
marginals are the pre-existing age or education distributions of the men and women making up the
population. The reasonable requirement that the marginal distributions of characteristics should
not be changed by the matching process means the plotted points are not independent observations.
Figure 2 illustrates this implicit interdependence using a small, hypothetical scatterplot of men’s
and women’s education levels. The plotted circles labeled 1 | 1, 2 | 2, and 3 | 3 represent marriages
of men 1 through 3 with women 1 through 3, respectively. Any different arrangment of points in
the scatterplot would entail coordinated shifts among men and women. For example, if woman 1
were to be matched with man 2 instead of man 1, a new point would form in the location that
preserves their two levels of education, as indicated by the shaded circle marked 2 | 1. The circles
labeled 1 | 1 and 2 | 2 would disappear. This matching of woman 1 with man 2 would leave man

1 and woman 2 unattached. The figure shows one possible resolution of this situation in which



woman 2 joins with man 3 to form circle 3 | 2, and man 1 and woman 3 move to the distributions
of unattached individuals along the axes, indicated by circles 1 | — and — | 3. None of the three
original labeled circles remains, while the four new circles preserve the appropriate education levels
of their men and women. The set of possible scatterplots is evidently finite and systematically
constrained, once the marginal distributions of characteristics are given. Our statistical analysis
will take the marginal distributions of quantitative characteristics of men and women as fixed, and
will take the observed joint distribution of characteristics, given the marginals, to reflect the free
mutual choices of men and women according to their preferences for those characteristics. This is
a new way of looking at scatterplots of matching data. Rather than considering the data points to
be independent draws from suitable distributions, as is done in standard regressions, we view them
as highly interdependent observations and base our estimations on a model of the interdependence.

The key to our analysis of typical marriage data is the recognition that the data contain no direct
information on the processes that lead to marriage, but only on the resulting state, the observed
marriages. We therefore model the state rather than the process. On the assumptions that marital
partners remain together voluntarily, and are knowledgeable about possible alternatives, we will
estimate the preferences that their unions reveal. These preferences could also have influenced the
unobserved and unmodeled processes by which the marriages formed. The strategy of modeling the
state of observed matches rather than the process of match formation was also used in an employer-
employee context by Logan (1996b, 1998), who recognized the implied assumption of stability (in a
special sense) that we will introduce below (Logan 1996¢). Logan called his statistical model two-
sided logit, since the choices made on either side of the market follow a standard logit model once
the preferences of the other side are taken into account, and in recognition of the close connection

to the two-sided matching models of game theory. Logan’s method required that one side of the



market be reduced to categories of actors for computational reasons, while our procedure will treat
all actors as individuals. The models that we consider include two-sided probit and logit models
that represent an extension of Logan’s approach to completely individual-level data, as well as other
models.

Potential applications of our estimation method include any situations in which voluntary pair-
ings of actors are observed but detailed information on the process leading to the pairings is not.
In the employment context, the method would allow detailed job characteristics to replace the
general occupational characteristics used by Logan (1996b). The mutual choices of colleges and
would-be students may be studied in more detail than has been possible with the earlier method.
More general household formation questions, such as the decisions of children and their aged par-
ents to co-reside, are also possible applications. Finally, the method may have application in
non-human mating populations when only data on observed matches are available (see Bergstrom
and Real [2000] on game-theoretic modeling of non-human mate choice). In all potential applica-
tions, combining our preference estimates with specific behavioral assumptions will make possible

counterfactual predictions analogous to the demographic household projections mentioned earlier.

2 The Marriage Model and Stability

As described by Roth and Sotomayor (1990), a marriage market involves a population of men and
women in which each individual has a preference ordering over the members of the opposite sex. In
this paper, we assume the preference orderings are derived from subjective utilities that individuals
have for forming pairs with one another and for being single: Man ¢’s utility for pairing with woman
J is denoted as U; j, and man ¢’s utility for being single is U; o. Similarly, V;; and V} ¢ denote woman

7’s utilities for man ¢ and for being single, respectively.



In the context of the marriage market, a matching m is a set of pairs of men and women, such
that each individual is a member of at most one pair. A matching m determines a husband function
h, where h(j) gives the index of the man married to woman j, and h(j) = 0 if woman j is single.
Similarly, the matching can be written in terms of a wife function w, mapping the indices of the
men to those of the women.

We assume each actor in the system chooses a partner or remains single so as to maximize his
or her utility over the set of available opportunities: Each man forms a pair with the highest-utility
woman among those available to him, or remains single if his utility for singleness exceeds that for
his highest-rated available woman. Women do the same, with the roles reversed. Of course, not
every actor has the same opportunities: The set of available partners varies from actor to actor,
and depends in a complicated way on the utilities of the other actors in the system. For a given
set of utilities and a given matching, the available pairing states for man 4 and woman j are given

by their opportunity (or choice) sets

OG) = {j:Vji>VjpytU{0}

O(J) = {7‘ : Ui,j > Uz,w(l)} U {0}7

where the state of being single ( denoted “0” ) is available to each actor. Thus each man has the
opportunity to be single or to pair with any woman who prefers him to her match. Opportunities
of the women are similar, with the roles reversed. We assume there are no ties among the utilities,
so that preferences are strict.

The assumption that the matches are voluntarily maintained helps motivate the further as-
sumption that an observed matching is stable in a game-theoretic sense, that is, the matching is

such that each actor in the system prefers his or her state over all states available. Using the above



notation, stability implies

Uiw() = Uiy Vi € O(i) (1)

Ving) = Vii Vi € O(j).

In other words, in a stable matching no individual can make a move that will improve his or
her situation. Stable matchings are of central interest in the application of two-sided matching
models. Since a matching that is not stable could be improved on by the voluntary actions of
system members, it is reasonable to expect that real systems will approximate stable matchings.
In addition it is known that there is at least one (and typically many) stable match for any given
set of utilities, and that a random flow of information about potential partners will lead to a stable
matching with probability one in the long run (Roth and Vande Vate 1990). Arguments such as
these make the analysis of stable matchings relevant to understanding real systems, even when
stability cannot directly be confirmed.

The stability of the matchings should be thought of as inherently transitory, subject to change
as persons enter or leave the system, or as their characteristics or preferences change over time
through aging processes or for other reasons. The meaning is therefore quite different from what is
meant by a stable marriage in ordinary conversation. Qur assumption is that system members are
generally knowledgeable about the characteristics of other actors, and that their observed matches
are entered and maintained voluntarily. Though existing matches may for legal, child custody, or
other reasons entail large potential costs if they were to be broken, this does not argue against the
voluntary nature of the relationships nor suggest that an unstable matching is somehow enforced
against the wills of the partners, when all relevant factors are considered. Stability in the sense
adopted here means mutually voluntarily maintained, rather than unchanging as circumstances

change.



The marriage model is composed of individuals but has a systemic quality. Each actor observes
the set of partners available to him or her, and then chooses the one that offers the highest utility.
The choices of actors on either side of the market are constrained by the preferences of members of
the opposite sex, but also by the willingness (or not) of more desirable members of their own sex to
match with the partners they themselves would prefer. Both men’s and women’s preferences weight
the actual characteristics of possible partners, meaning that opportunity is in part a function of
the distribution of these characteristics and not just of preferences as such. The marriage model is
therefore a system model of the interwoven effects of the preferences and characteristics of all men

and women.

3 Inference

Given a stable matching for a population of men and women, our goal is to estimate the extent
to which certain observed characteristics of an individual influence the unobserved utilities that
other actors have for pairing with that individual. We assume that a set of unknown preference
parameters 6 along with observed female characteristics X and male characteristics Y give rise to
utilities U,V that men and women have for each other, and that the utilities in turn determine
preference rankings that men and women have for the members of the opposite sex. The particular
rankings vary across the rankers due to unobserved components of utility. Individuals form pairs
with one another according to their individual preference rankings of those particular members of
the opposite sex available to each of them. This in turn gives rise to the data we observe.

Under the assumption that the system has reached stability, the data tell us of the occurence

of two events:

e M = m : The matching m was realized by the system of actors.
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e m € § : The matching m is in the set S of stable matchings for the system.

As mentioned earlier, game theorists have shown that there is at least one stable matching, and
possibly more, for every set of utilities. These observations motivate the following form for a full

probability model of the data, given a set of preference parameters:
p(M =m,m € §|0) =p(M =m|m € S,0)p(m € §|0)

The first component of the probability, p(M = m|m € S, ), depends on the particular mechanism
or process by which actors formed pairs with one another, which is likely to have involved some
strategic behavior that was not a simple reflection of their preferences (see Roth and Sotomayor
1990). Without knowledge of this mechanism, specification of the first component is difficult.
However, the difficulty can be avoided if we base our inference only the second component, the
marginal probability of the stability of the observed matching. Stability itself is a function only of
the preferences of the actors (Roth and Sotomayor 1990), so its maintenance does not depend on
strategic considerations. Although some information may be lost by basing inference only on the
marginal likelihood, we emphasize that as a result, our method of estimation does not depend on
the particular proposal mechanism that generates the matching.

Explicitly representing the unobserved utilities in the marginal probability of stability gives
p(m € 516) = [ pm € SU,V.0)p(U,V16) AUV, @)

where dependence on the characteristics X,Y remains implicit. Note that the probability that
matching m is stable is either 0 or 1, given U, V, so that the first term in the integral is simply a
zero-one indicator of the event that the utilities lie in the constrained space required by the stability
of the observed matching. In this paper, we focus primarily on models for p(U, V'|#) that are linear

in the preference parameters (although more general parametric models are discussed in Section
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4.3). For example, we might model man i’s and woman j’s utilities for each other and for being

single as

_ ! _ !
Uij = dajtey, Uyp = azip+ep,

’ (3)
Vii = Byi+tvi  Vie = Vyjo+v0

where « is a vector of shared male preferences for the characteristics  of women, a is a vector

of shared male preferences for characteristics o of being single, and 3, b, y, and yo are defined

similarly. The error terms €,y in the linear models can be thought of as individual deviations

from mean utilities. A convenient model for error is that the €¢’s and 7’s are i.i.d. from a known

distribution centered around zero. With the parametrization above, the estimand of interest is the

set of preference parameters § = (o, 3, a, b).

4 Estimation Methods

Our goal is to estimate the marital preferences 8 using the information that the observed matching
is stable. Maximum likelihood estimation amounts to finding those values of § which maximize (2).
The maximum likelihood estimation methods of Logan (1998) would be applicable to the current
problem with minor alterations, except the estimation time associated with those methods makes
them impractical here. The difficulty lies in the calculation of p(m € §|6), which is a complicated
integral over a high-dimensional space.

Instead of trying to maximize (2) in 0, we take a Bayesian approach to the estimation: Our
inference is based on the posterior distribution 7(8lm € S) x w(8)p(m € S|6), where 7 (0) is a
probability distribution representing our prior uncertainty about . Although the posterior involves
the same intractable integral p(m € S|@), Bayesian inference is made feasible by approximating the

posterior via samples of 8 from a Markov chain.

12



4.1 MCMC

In contrast to many applications, in our model the contributions from different individuals to the
likelihood p(m € §|0) are not multiplicative. Constraints induced by the assumption of stability
connect the matches in a complicated way: Given the values of U, V, the probability of stability is

the indicator function

(
1 if  Viug) > Vi Vi€ 03j),Vj and

p(m € S|U,V) = 4 Uiw(i) > Usj Vi € 0(), Vi,

\ 0 else.

where h and w are the husband and wife functions determined by the matching m. As none of the
utilities is observed, the above must be integrated over U and V in order to calculate the posterior
of . Markov chain Monte Carlo provides a feasible method for approximating such integrals: While
calculation of 7(f|m € S) or direct sampling from 7(6|m € S) is impractical, sampling values of
0,U,V from a distribution approximating w(6,U,V|m € S) is feasible. The resulting sampled 6
values can be examined marginally to estimate m(6|m € S). This kind of data augmentation is
often used to simplify posterior sampling (Tanner and Wong, 1987).

Let ¢ = (0,U,V) represent a state of the unknowns in our model, which includes both the
unobserved utilities as well as the unknown parameters. We use the Metropolis-Hastings algorithm
to iteratively construct sequences of ¢ from which we can approximate m(f|m € S). Given the
most recent state ¢°, a new value ¢**! is constructed by separately updating each unobserved
utility, as well as separately updating each component of the preference parameters 0 = («, 3, a, b).
Each update consists of sampling a proposal value for the utility or preference parameter being
updated, then accepting or rejecting the proposal with the appropriate probability. The generation

of ¢**! from ¢° constitutes one scan of the algorithm. As b — 0o, the sampling distribution of ¢°
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approaches the desired posterior 7(¢|m € S), and so the empirical distribution of the samples of ¢
from the Markov chain can be used to approximate 7(¢|m € S) (Tierney 1994).

Specific methods of constructing such Markov chains are given below. We first address the sim-
ple case involving conjugate linear models for utilities, and then discuss a method for constructing

chains for some non-conjugate models.

4.2 Conjugate Models: Two-Sided Probit

In this section, we assume the utilities follow the linear model given by (2), the error terms are
independent standard normal deviates, and the preferences «, 3, a,b are a priori independent and
normally distributed: a ~ N(uq,2a), 8 ~ N(pg,28), a ~ N(tta;Za), b ~ N(up, Ep). This
specification constitutes a two-sided probit model: The probability of each man’s match, given his
unobserved opportunity set, is a probit model, as is the probability of each woman’s match, given

her opportunity set.

Utilities: We first consider updating the matching utilities of males. For a particular male
and female j, we sample a proposed utility Uz-f j from its full conditional distribution, which is the
distribution of the utility conditional upon the data and the current state of all other utilities and
parameters. Sampling from a full conditional distribution is Gibbs sampling, and the acceptance
probability of such a sample is always unity.

For normal error terms, the full conditional distribution of U;; given all other unknowns is
simply a normal distribution constrained by the other utilities and the stability of the observed
matching (cf. Albert and Chib 1993). For example, if man i is matched to woman w(%), then he
must have a higher utility for matching with w(z) than for being single or matching with any other

woman available to him. Similarly, if man ¢ is single then U; o must be higher than the utility
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of being matched to any woman available to him. More precisely, the constrained sampling is as

follows:
o if j # w(i)
1. if j = 0or Vj; > Vj () (i-e., j is available to i), sample U/, from the normal distribution
with mean o'z; if j # 0 and mean a'z; if j = 0, conditional upon U}'; < Uj 4 (i)

2. if Vi < Vjp) (e, j is not available to i), sample U;; from the normal distribution

with mean o/z; (unconstrained).

e if j = w(7), sample U;; from the normal distribution with mean o'z if j # 0 and mean a'z;

if j = 0, conditional upon U;; > U (if j # 0) and U}; > U,y for any k: Vi; > Vi px)-

The utilities V; ; of women for men are sampled the same way, except with V, h interchanged with
U,w. Note that sampling the utilities is equivalent to sampling the error terms: For example,
sampling U; ; constrained to be less than Uj ,,(;) is equivalent to sampling €; ; constrained to be less
than U; ;) — o'z ;. See Geweke (1991) for efficient methods of sampling from constrained normal

distributions.

Preferences: Normal priors for regression coefficients are conjugate for linear models with nor-
mal errors, so the conditional distributions of «, 8,a,b given the utilities are normal as well. A

straightforward calculation shows:

* a|9—aaU7‘/amES ~ N(p’a’ i(:a)ﬁ Where

Sal = XX+ 570, fia = Sa(XUL+ 35 1a)

¢ /B|0—,3)U)V7m€$ ~ N(ﬂﬁ’ 2,3)7 Where

gt =YY + 55, fig = Ss(Y V'L + 55 up)

15



e alg , vvmes ~ N (fia, i]a), where

St = XX+ 57, fia = Sa(XoUo + 5 ta)

o blo_, u,vmes ~ N (fip, f]b), where

St =YoYg + 5,1 iy = Se(YoVo + B L)

in which

N, and ny are the male and female population sizes,

X and Y are matrices of female and male characteristics, with ny and n,, columns respectively,

Xo and Yy are matrices of self matching characteristics,

U and V are n,, X ny and ny X n, matrices of utilities of men for women and women for

men,

Up and Vj are vectors of self-matching utilities.

Such normal distributions are easy to sample from, and so we use them to generate our proposal
values o, 8*,a*, and b*. Since these are Gibbs samples, the acceptance probability of each proposal

is unity.

4.3 Non-conjugate Models: Two-Sided Logit

We now consider models of the form

Uj = ulz),yla)+ €, Uo = wuolzipla) + €,

’ (4)
Vii = vy, z;18) +75  Vio = wvo(yj0ld) + 750

where the functions u, ug, v, vy are determined by the preference parameters «,a, 3, and b, respec-

tively, and the error terms are independent and distributed according to known distributions. One

16



convenient choice for the error distribution is the type 1 extreme value (Gumbel) distribution,
having a closed form CDF, making constrained sampling relatively easy. When specification (3)
is substituted for (4), the non-conjugate model with Gumbel disturbances is an individual-level,

symmetrical, two-sided logit model.

Utilities: Conditional on the preference parameters, the distribution of utilities can be resampled
by sampling the errors € and v, constrained by stability. This proceeds in a manner similar to that

in the case of normally distributed errors, as described above.

Preferences: Generally there will be no simple conditional distribution for a preference param-
eter given the utilities. Therefore, instead of generating parameter updates from a full conditional
distribution, we can use a random walk proposal distribution, that is, we sample a proposal value
uniformly from a box around the current value. For example, a possible proposal distribution ¢ for

o is

gla*la) = A7' fora* € a+d;

= 0 otherwise

where § is a vector of the same dimension as «, and A is the volume of the box spanned by « =+ é,.
Updates for 8, a and b can be generated similarly.

Because such a proposal distribution is not the full conditional, the acceptance probability is not
necessarily unity, and needs to be calculated. In what follows, note that the errors ¢, v together with
the preference parameters # determine the utilities, and so we can base our Metropolis algorithm

and acceptance probabilities on these quantities. For example, when updating the « parameter the
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Metropolis-Hastings ratio, or update probability, is

m(0%,€,9lm € §) glale’) _ p(m € §|6%, €, 7)m (" )p(e)p(7) g(afa”)

(
m(0,€,7lm € S) q(e*|a) p(m € S|0,¢e,7)m(a)p(e)p(v) q(a*|@)
p(m € S|6%,¢,v)m(a*)
(
(

p(m € 8|8, 6,7)(a 5)

)
m(a*)

m(a)’ (6)

= p(m € §|6%,¢,7)

where 0* = (a*,,a,b). Equality (5) holds because the proposal distribution is symmetric, i.e.
q(a*|a) = g(ala*). Equality (6) holds because p(m € S|0,¢,7) is simply the zero-one indicator
variable of whether or not m is a stable matching under the values of 0, ¢,-y, which must be one
since 6 was accepted at a previous step of the chain. Therefore, the probability of accepting o*
is p(m € §|6*,¢,v)w(a*)/m(c), which is w(a*)/m(a) if m is a stable match under 6*, and zero

otherwise. The acceptance probabilities for proposals of other components of # are similar.

5 Parametrizations and Identifiability

One formulation of the parametric marriage model described above involves a linear model for the
latent, unobserved utilities. The linear model is composed of unknown preference parameters § € ©
and observed covariates X, Y. We say a linear model is identifiable for the marriage model if for each
01,02 € O, 01 # 02, there exists a state of the covariates X,Y such that p(m € S|01) # p(m € S|62),
where conditional dependence on the covariates is again implicit (this is similar to Manski’s (1988)
definition of identifiability for logistic regression models). Even though this notion of identifiability
is fairly non-restrictive, the complexity of p(m € S|6) makes it difficult to determine which linear
models are identifiable. However, we can determine some models which are not identifiable by using
the following formulation: Each individual ¢ has a preference ordering R; over all members of the

population, and the set of all individuals’ preference orderings is denoted by R = {Ri,... ,R,}
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(note that restricting individuals to match with the opposite sex can be achieved by assuming
an individual prefers being single to matching with any member of the same sex). An observed
matching m restricts the possible preference orderings to R(m) = {R : m is stable under R}. The

probability the observed matching is stable can be written
p(m e S|) = Y p(m e S|R)p(R|9)
R

= Z Hp(Rz'\e)-

R(m) =1

The probability p(R;|f) that an individual has a particular preference ordering is the probability

that the individual’s utilities follow that ordering.

Scale: Suppose our model for utilities is U; j = &'z + 0¢€; 5, Ui o = a'x; 0 + 00€;0, where o, 0 are

scale parameters. The probability of any individual’s preference ordering is written
p(R;|0) = p(o/:l;(l) toeg ) < < Oél.’L'(n) + € (n) < aI.T,"o + UOGi,O),

where (j) denotes the index of the individual ranked jth under the ordering R;, and without loss of
generality we have assumed actor 7 prefers being single to matching with anyone in the population.
Letting 61 = (a,a,0,00) and 6y = (ca, ca,co, coy), it is easy to see that p(R;|61) = p(R;|02) for
each i regardless of the values of the z’s. Therefore, p(m € S|61) = p(m € §|02) for all states of
the covariates, and the model is not identifiable. Note that this argument does not apply if either

one of the scale parameters is set to one.
Intercept: Suppose our model is U; ; = ag + &/ + €, Ui o = ao + a’z; o + €;0. The probability
of any individual’s preference ordering is written

p(R;|0) = p(ag + o/a:(l) +ein) < - <ap+ a'm(n) + €i(n) < a0+ a'Tip + €ip)-
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Letting 6, = (o, a, ag, a), it is easy to see that p(R;|0;) = p(R;|02) for any 6 = (o), @, ag*, a) such
that ap — ap = o — aj. Thus, the intercepts «p and ayp cannot be simultaneously estimated, but

as with the scale parameters this does not preclude us from estimating one or the other.

In addition to the above identifiability issues, there may multiple local maxima of the posterior
distribution. These maxima might give rise to a variety of interpretations of the data: For example,
consider a population in which women with a relatively high value for some characteristic z tend to
be single. Using a univariate version of the linear model (3), this trend in the population could be
explained by a male preference for low values of z (a < 0), a female self-preference for high values
of z (b > 0), or both. Such identifiability problem may be ameliorated somewhat by including
other characteristics in the model, or by making a priori assumptions that certain characteristics
are desirable (i.e. making assumptions about the signs of the preference parameters). Even though
the simulation studies of the next section give us some confidence that our methods will assign
higher probability to the true values of the preference parameters, we note the importance of a

careful parametrization of the model.

6 Simulation Study

A simulation study on twelve datasets was performed to test the ability of the above MCMC
algorithm to estimate the preference parameters. Three datasets were generated for each possible
combination of two population sizes and two distributions for the observed characteristics. The
population sizes used were n = 200 and n = 1000 individuals (populations having equal numbers
of males and females), and characteristic data were generated according to one of two different

regimes, outlined below:
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Regime 1:
© T, , T, Yl,y--- ,Yn ~ 1.id N((0,0),1I).
[ ] .’Bl’o,... ,$n’0,y1’0,... 7?/71,0 ~ lld N((—l,—l)l,I).

Regime 2:

® Tty Tn,Yi,-ee Y ~ Lid N((-3,3),1).

® LU0, Tn,0,Y1,05--- »Yn0 ~ 1i.d N((0,0)", ).
For each generated set of characteristics, utilities were simulated as

! !
Uz‘,j = .’L‘j + 61',]', Ui,O =a -Ti,O + 62"()
V. ! V. /
st = :8 Yi + Visi» 7,0 = b Yj0 + 74,0

where the disturbances €,y are sampled independently from the standard normal distribution,
and o = d = (1,3),8 = b = (2,2) for each dataset. By estimating «, a, 8 and b under
two different distributions of characteristics, we hope to show that our estimates measure the
underlying preferences of the actors, and not the distributions of characteristics. By estimating
the parameters with different population sizes, we hope to get some idea of the rate of information
gain with increasing population.

(From the utilities in each dataset, two (possibly identical) stable matchings were generated
using the Gale-Shapley algorithm (Gale and Shapley 1962, Roth and Sotomayor 1990). The Gale-
Shapley algorithm entails each member of one sex proposing to their most preferred member of the
opposite sex. Each member of the opposite sex then makes a temporary engagement with their
most preferred proposer, and each rejected proposer proposes to the next member on their ranked

list of opposite sex members. The algorithm iterates until no further rejections or proposals are
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made, at which point all proposers are either engaged or have been rejected by all members of the
opposite sex whom they prefer to self-matching.

This matching algorithm was run on each computer-generated dataset twice, once with men
proposing and once with women proposing. In systems of utilities allowing more than one possible
stable matching, the male-proposing and female-proposing matchings are polar opposites in the
sense that the former is at least as good for every man as any other stable matching, and the same
property holds for women in the latter (Roth and Sotomayor 1990). These two matchings are called
male-optimal and female-optimal, respectively.

Using both matchings separately to estimate the preference parameters is useful in evaluating
our methods: The model outlined in Section 1 did not specify which stable matching is being
observed in the data. Instead, we have assumed only that some stable matching is observed. For
this reason, we expect the estimation algorithm to be insensitive to the particular mechanism by
which a stable matching has been achieved, be it a male-optimal, female-optimal, or some other
stable matching mechanism. We compute separate estimates from the male- and female-optimal
matchings to evaluate this property. In systems of real men and women there are potentially many
possible stable matchings for a given set of utilities, so insensitivity of the estimation algorithm to

the particular matching mechanism is crucial.

6.1 Small Population Study

Prior distributions for all preference parameters were taken to be independent normal distribu-
tions, each with mean zero and variance 100. A Markov chain of 500,000 scans was constructed for
each stable matching, in which the initial states of the preference parameters were all zero. Poste-
rior distributions were approximated by the empirical distribution of scans 50,001 though 500,000

from each chain, dropping the first 50,000 scans to allow each chain to approach its stationary
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distribution.

Figure 3 gives the posterior modes and 95% highest posterior density (hpd) regions for the
preference parameters. For example, the upper-left panel gives results for a; and aq, the first
components of the male preference parameters. The datasets labeled 1, 2, and 3 had characteristics
generated under the first regime, whereas the second three datasets had characteristics generated
under the second. For each dataset, there are four lines plotted, representing from left to right the
hpd regions for a; from the male-optimal match, a; from the male-optimal match, followed by the
corresponding estimates from the female-optimal match. A horizontal line is plotted representing
the true value of a; = a; = 1. The other components of the preference parameters are presented in
a similar fashion. Note that in datasets 4 and 6, the estimates from the male-optimal and female-
optimal matchings are identical. This results from the male- and female-optimal matches being
identical for these two datasets.

The results in Figure 3 give some indication of the effectiveness of our estimation procedure. The
hpd regions typically cover the true values, and the estimates from the male-optimal and female-
optimal matches are quite similar within datasets (we note, however, that the male-optimal and
female-optimal stable matchings from the same dataset rarely differed except for changes involving
a few individuals). Also note there is more posterior uncertainty in the self-matching parameters a
and b than in o and §. This reflects the fact that our model assumes the existence of, for example,

nm X ny utilities of men for women, compared to only n,, utilities for male self-matching.

6.2 Large Population Study

To measure how much information is gained as sample size increases, we repeated the simulation
study with a larger population size. The simulation procedure described above was re-implemented

with 500 men and 500 women in each dataset.
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Figure 4: Posterior modes and hdp regions from the large population study
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Table 1: Comparison of small and large population studies

Precision Statistic ng = Ny = 100 | ny = ny = 500
average absolute bias, o and 0.45 0.18
average absolute bias, a and b 0.65 0.25
average hpd region length, o and 8 1.79 0.62
average hpd region length, a and b 2.69 0.95

As seen in Figure 4, the coverage probabilities of the hpd regions are similar to those of the
small simulation study, but the estimates are more precise. Table 1 compares the small and large
population studies in terms of average absolute bias of the estimates and width of the hpd regions.
The average absolute bias is roughly one-third of that in the small population study. The average
widths of the hpd regions from the large population study are also roughly one-third of the average
widths of the small population study. Of course, running the Markov chain for the large populations
involves much more computation, as the number of utilities to keep track of increases quadratically
with population size if the numbers of men and women are kept roughly equal. Thus computation
for a dataset with 500 men and 500 women is roughly 25 times more intensive than for a dataset

of 100 men and 100 women.

7 PSID Analysis

We now analyze a dataset extracted from the 1993 Panel Study of Income Dynamics, and estimate
the preferences of men and women for the age and education levels of potential matches.
The 1993 PSID includes data on 9977 households containing 15,650 adult individuals. From

the data on households having non-missing levels of education and age, a marriage rate of 71.6%
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was calculated (marriage defined here as meaning any form of cohabitation), and a random sample
of 140 couples and 120 single individuals was selected, resulting in a population of size 400 while
maintaining a marriage rate of 70%. The 120 single individuals were obtained by randomly sampling
cases from the single households, giving 82 single women and 38 single men. This discrepancy
between single male and female populations is characteristic of the PSID dataset, and can be
explained by factors such as differing rates of mortality, incarceration, military participation, and
homelessness.

Note that we do not expect actors in the dataset other than couples to actually know each other.
However, it is still of interest to estimate the underlying preferences of the actors in this system,
and so we approximate the distribution of potential partners’ characteristics with the empirical
distribution of characteristics from the sample. In essence, we view the actors in the system as
surrogates for the types of individuals that any particular actor is likely to have in their pool of
potential matches.

The PSID data were presented graphically in Figure 1 above. The scatterplots in the figure
suggest a tendency of actors to form matches with others having similar age and education levels.
This could reflect preferences of actors to choose mates like themselves. However, such similarity
between mates can also arise when actors share the same, absolute preferences for desirable traits
in their partners, rather than preferring partners like themselves. In such cases the similarity of
partners results from the competitive outcome of the matching process, a possibility that appeared
in the simulations in section 5. Even though the simulated datasets there were generated under a
specification in which all actors shared the same preferences for the absolute (rather than relative)
characteristics of their partners, the resulting scatterplots (not presented) also show similarities

between matched partners much like Figure 1. Thus it is interesting to consider whether the
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similarity between partners in the PSID data reflects actors’ preferences for similar mates, rather
than simply preferences for more attractive mates. For this reason, we consider a variant of the
model presented in Section 2, and allow for the possibility that a man’s utility for a woman might
depend on her similarity relative to his own characteristics, as well as on her absolute characteristics,
and vice-versa for women. Letting (z;1,%;2) and (y;1,¥:2) be the age and education levels of

woman j and man ¢ respectively, we assume the utilities for matching can be written as follows:

Uij = oai(zjn—vi1)” + oozj1 + as(zj2 —yi2)” +ouzjo + €
Vii = Bi(yin — 1)+ Bovia + Bs(Wiz2 — 2)* + Bavia + i
Uo = a+ €i,0

Vio = b+7j0- @)

The disturbance terms are all modeled as independent standard normal random variables.

Two Markov chains of length 2 x 10% scans were constructed using the methods of Section 3.2,
having different random seeds, but each having starting values of zero for all regression coefficients.
The prior distributions for the regression parameters were taken as independent normal distribu-
tions, each with a mean of zero and variance of 100. Output of each Markov chain was recorded
every 200 scans. The two chains indicate slow mixing, but approximate stationarity after about
500,000 scans (although in one of the chains, there is a slight indication of drift in b, the female
self-matching parameter).

Means and standard deviations of preference parameters were calculated using the pooled
second-halves of each Markov chain, and are given in Table 2. Because of the pooling, stan-
dard deviations reflect both within- and between-chain variability. The table also shows values of

\/}_A? for each parameter, a measure of the ratio of between-chain to within-chain variance of the
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Table 2: Posterior means, standard deviations, and \/1_% of men’s and women’s preference parame-

ters.

Men’s Preferences

Women’s Preferences

characteristic mean sd \/}_A% mean sd \/}_?
squared age difference a;  -0.003 0.0004 1.012 | By -0.008 0.002 1.280
absolute age az 0.001  0.008 1.122 || B 0.242 0.088 1.344
squared education difference || @3 -0.018 0.006 1.031 || B3 -0.054 0.030 1.000
absolute education ay 0.049 0.021 1.012 || B4 0.051 0.137 1.006
constant a 1452 0588 1.110 || b 6.276 3.403 1.112

Figure 5: Estimated mean utilities for age; fixed education levels. Solid lines indicate utilities of

35 year olds, dashed of 65 year olds.
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parameters (Gelman 1996). Values close to 1.0 indicate that between-chain variability is not high,
based on what would be expected from the variability within chains. The values of \/}_? in the table
are all below Gelman’s suggested cutoff of 1.2, except for the two age preferences of women, which
are about 1.3. Both men and women show a significant preference for mates with a small squared
age difference from themselves. Beyond age differences, men do not show a strong preference for
youth or age in potential mates, whereas women show a strong absolute preference for age. The
combined absolute and relative preferences for age are shown graphically in Figure 5, which plots
the contribution of the age effects to the mean utilities of men and women of ages 35 and 65. For
men of both ages, women of similar age are the most preferred, while women prefer men who are
more than ten years older than themselves. The latter effect could be due in part to preferences for
unmeasured correlates of men’s ages, such as earnings, which could be explored in further analyses.
The combined effects of absolute and relative preferences for education are similar across genders:
Men and women with ten years of education prefer partners with about twelve years of education,
while those with sixteen years also prefer partners with slightly more education than themselves.
However, the preferences of women for education are not clearly distinguishable from zero.

As a measure of the goodness of fit and applicability of this model to the PSID sample, we
evaluate the model’s predictive power: Do the estimated preference parameters predict relevant
features of the observed dataset? To answer this question, we sampled ten stable matchings from

the posterior predictive distribution as follows:

1. Obtain preference parameters «, a, 3, and b from a randomly-selected scan in the second half
of the Markov chain, and disturbances ¢ and v drawn from unconstrained standard normal

distributions.

2. Using the observed male and female characteristics X, Y from the sample, generate a set of
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utilities using Model 7.

3. Use the Gale-Shapley algorithm to generate a stable matching between the men and women.

4. Record relevant statistics of the predicted matching, such as the marriage rate, average within-
match age and education differences, correlation of within-match ages and education levels,

etc.

Note that this method of evaluating goodness-of-fit demonstrates a technique by which data from
one marriage market can be used to make predictions about a matching in another market having
a different distribution of characteristics, provided the underlying preferences remain the same.
The summary statistics for ten such predicted matchings are given in Table 3, and the matched
age and education characteristics from the last of these matchings are plotted in Figure 6. The
model does a reasonably good job of capturing many of the relevant features of the actual dataset
shown in Figure 1, although it tends to underestimate the mean within-couple age difference, and
overestimate the variability of this difference. This suggests a more flexible model in which ages

enter the utility equation as |z;; — v; j|7, where 7 is a parameter to be estimated.

8 Discussion

Our estimation results using simulated and actual data on marriages suggest that the behavioral
model of two-sided matching theory can be a useful foundation for inference about the preferences
of men and women, even in the absence of detailed information about the contexts that led to
the formation of observed marriages. The use of these estimates for projections of marriages that
would occur under counterfactual resource distributions has yet to be explored, though the necessary

methodology was demonstrated in the reconstruction of the PSID scatterplots from the posterior
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Table 3: Goodness of fit statistics for observed and predicted matchings

marriage | mean var corr  mean var corr
sample rate age diff age diff age edudiff edudiff edu
observed 0.70 3.26 31.74 091  -0.04 5.60 0.74
1 0.72 1.53 43.10  0.90 0.12 5.22 0.70
2 0.68 1.75 38.48 091 0.05 5.25 0.69
3 0.66 2.00 40.88 091  -0.25 7.22 0.57
4 0.68 2.72 47.38  0.88 0.01 5.87 0.66
5 0.66 1.62 38.35 091  -0.15 5.17 0.72
6 0.69 2.36 58.35 0.85 -0.09 7.37 0.55
7 0.67 1.84 47.03  0.89 0.30 6.35 0.55
8 0.69 2.28 40.70  0.90  -0.33 5.04 0.72
9 0.64 3.16 61.82 0.84 -0.16 7.07 0.56
10 0.68 2.96 47.42  0.89 0.04 6.816  11.375
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Figure 6: A stable matching, generated from PSID data and preference parameters estimated from

the posterior.
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distribution in section 6. More detailed behavioral models could also be used for projection, by
combining the preference estimates obtained from the present method with more specific ideas of
information flow and partner-seeking strategies.

Our proposal is to draw inference about preference parameters 8 using the likelihood component
p(m € S|0), where m € S is the event that m is one of the stable matchings of the system.
We note briefly that p(m € S|0) may also be viewed as a certain conditional likelihood function
when additional model assumptions are made. The matching M to be recorded and the event
M € S constitute the full data (in addition to covariate information). That M = m and M € S
imply m € S means that p(m € §|0) is a component of the full likelihood, as argued earlier in
section 2. Indeed our numerical results demonstrate that this component contains a large amount
of information on #; importantly, its use frees us from the modeling of strategies by which the
observed matching arises. Straightforward manipulations show that if all the utilities (U, V) are
independent of M, a priori, then p(m € S|0) = p(M € S|M = m,0); i.e., it is the conditional
probability that the system is stable given the matching. Conditional likelihood is often used when
one component of the data is difficult to model (e.g. ascertainment in pedigree analysis). The
independence of utilities and matching required to draw this connection may be suspect, since of
course matchings are considered to arise from the utilities by some mechanism. The independence
could be viewed as a form of prior ignorance, since it is marginal to the event M € S§. On the
other hand, marginal likelihood is also an approach that is used when one component of the data
is difficult to model. In our case, the marginal likelihood approach described in section 2 has the
advantage of not requiring a suspect assumption analogous to the one just described.

The marriage model in this paper can be thought of as a special case of a more general matching

problem: Consider a population of n individuals or objects, each member potentially forming a
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match with any other member of the population. Utilities are then represented by an n X n matrix
U, and stability implies U; .y > Ui jVj : Uji > Ujm(j), where m(i) is the index of the partner
of i. The marriage model can be represented as a special case of this more general model by
parametrizing the utilities such that U;; is —oo if ¢ and j are two different individuals of the
same type (e.g. of the same sex in a marriage market, or either both workers or both employers in
the labor market). This general model and modifications to it could prove useful in a variety of
matching or choice problems in which the set of matches available to an actor is potentially limited
by the choices of other actors.

One modification we are investigating is to allow for correlations among the disturbances in
the utility functions across alternative potential partners. Such correlations are commonly advo-
cated when important attributes of alternatives may have been omitted from a choice model (but
see Horowitz [1991]). We expect the basic approach of the present paper can accommodate this
extension with appropriate restrictions on the covariances.

The MCMC methods described here show the promise of making the marriage model applicable
to data sets of moderate to large size. However, as we have seen in the simulation study, it takes a
fairly large dataset to make precise inference on the preference parameters. The difficulty with much
larger datasets is that the number of latent utilities increases quadratically with the population
size. However, if we were to assume that each individual only has information about or access to
a small subset of the population (which is probably more realistic than the current assumption of
system-wide stability), we could drastically reduce the number of utilities in our model. Access as
such could perhaps be modeled based on existing data: For example, we could assume actors have
information only on spouses or jobs within a geographic region, within an economic class, or within

a social network. Incorporating models of limited access within the framework of the marriage
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model is a subject of current research of the authors.
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