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Outline

e Dilerentiation of functions
e Debning the derivative
e Basic dilerentiation rules
e Second, third, etc... derivatives
e Critical points of functions
e What is a critical point?
e Maximum, minimum, and using the second derivative to tell
the dilerence
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What is the derivative?

The derivative can be thought of as the slope of the line tangent
to f (x) at the point x. (Skims the curve, touching only at the

point Xx).
% CX\: (x11)n2+1
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What is the derivative?
In statistics we are often interested in derivatives to help us bnd
the values that maximize (or minimize) functions. We will be
particularly interested in the values such that the derivative is
zero.

(x11)N2+1

f(x)
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Finding the Derivative

The derivative of a functiorf (x) is the instantaneous rate at
which the function is changing at. Why would be interested in
Pnding the derivative of a function?

e growth rate of a population relative to change in time
e change in distance relative to a change in time

e marginal revenue - change in amount of money from item
sales relative to change in demand for the items

\N"‘W

l \é Us s‘sﬁgg Aq .
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Finding the Derivative

The derivative of a functiorf (x) is the instantaneous rate at
which the function is changing at. Why would be interested in
Pnding the derivative of a function?

e growth rate of a population relative to change in time

e change in distance relative to a change in time

e marginal revenue - change in amount of money from item
sales relative to change in demand for the items

Think of it as bnding the OslopeO of a function at specibc point. To
Pnd the average rate of change over an intenab], we look at
the change inf (x) over the length of the interval.

.
(B} - f(b)! f(a)
&m/ﬂ'/ ol a
p— i [ -

[ o} X
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Finding the Derivative

So if we want to bnd the rate of change at a valuewe bnd the
average rate of change over a very small interval (usually of length

).
= f(x+ 1)1 f(x)
|

We look at what happens wheh becomes very very small, i.e.
when the interval essentially just becomes the point

The derivative off (x) at x is then:

f(x+1)! f(x)
0

Iim!! |

It is denoted by (x) or f'(x).

SE——

X wd
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. . : . = b
Dilerentiation with Limits y=mx +

Given anf (x), how do we bnd the derivative'(x)?

to start, letOg write oﬁt the algebra and then take the limit.
Example:f(x) = mx+ b

\'—{(x\ = \im Vv\@:§> th @?Ll

8-’30 - g
\8\: el v m§ - B
° s
y—=0 7
— loam

ﬁg"%ow‘ = m.
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Dilerentiation with Limits

Example:f (x) = ax?
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Dilerentiation Rules
€607 |

Special functions

Derivative of a constant: /}‘_”h

f(x)= a f(x)=0
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Dilerentiation Rules
Special functions

Derivative of a constant:
f(x)= a f(x)=0
Derivative of a power:

f(x)= x" f'(x)= nx"1

CSSS Math Camp - Lecture 3 Adam Visokay and Jess Kunke (UW)

September 11, 2024
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Dilerentiation Rules
Special functions

Derivative of a constant:
f(x)= a f(x)=0
Derivative of a power:
f(x)= x" f'(x)= nx"1
Derivative of an logarithmic Function:

f(x) = log(x); f'(x)=1/x

—
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Dilerentiation Rules
Special functions

Derivative of a constant:
f(x)= a f(x)=0
Derivative of a power:
f(x)= x" f'(x)= nx"1
Derivative of an logarithmic Function:
f(x) = log(x); f'(x)=1/x
Derivative of an exponential:

f(x)= €; f(x)= €&
~=_

e —4
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Dilerentiation rules 3 (<) = Xl

Sums and scalar multiples of functions
2~

a -—
Derivative of a constant times a function: 9 (XB = O S?_CX3
.. ,, ;3043 = 2%
00 {a39(); F'(x) = aag'(x

S\Lx\: K
8\670 o 0\‘§<>9
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Dilerentiation rules
Sums and scalar multiples of functions
Derivative of a constant times a function:
f(x)= adg(x); f(x)= aag'(x)
Derivative of a sum of Functions:

FO) = g(x) + h(x); ()= g (x)+ h(x

—
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Dilerentiation rules

Sums and scalar multiples of functions

Derivative of a constant times a function:
f(x)= adg(x); f(x)= aag'(x)
Derivative of a sum of Functions:

f(x)= g(x)+ h(x); £'(x)=g(x)+ h(x)

Examples: x
0 f() =36 ()= DC
o 1(x) = 2l0g(x); f'(x) = /A
o f(x)=3x#2+4x,f'(x) =

-2 . - Q
3x o> —+\‘U('><I GQ}QEZB +‘rj><

CSSS Math Camp - Lecture 3 Adam Visokay and Jess Kunke (UW) September 11, 2024

L-

10


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Dilerentiation rules
Product Rule

Derivative of the product of two functions:
f(x) = g(x) &h(x); f'(x) =E"(X) éh(X):][ (x) ég(X)j
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Dilerentiation rules
Product Rule

Derivative of the product of two functions:

f(x) = g(x) ah(x); f'(x)= g'(x)ah(x)+ h'(x) ag(x)

Examples: X

y X -
o f(x)= x2&e* {CX\'—l 2Ke 4+ X -e
= xd (Zt )
o f(x)=3xalog(x)

CSSS Math Camp - Lecture 3 Adam Visokay and Jess Kunke (UW) September 11, 2024
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Dilerentiation rules h dhi — W dho
D (

Quotient Rule
_— .

J-j \/\DL\‘O ‘/]
Derivative of the division of two functions:

h(x) 8g°(x) ! g(x) ah'(x)
h(x)?

f(x) = ?}83; f'(x)=

CSSS Math Camp - Lecture 3 Adam Visokay and Jess Kunke (UW) September 11, 2024
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Dilerentiation rules
Quotient Rule

Derivative of the division of two functions:

(0= 900, o = MO BGT00 90x) d'Y)

h(x)’ h(x)2
Examples: CX' IR - Xz.é xé(l - )Q
f= 5 S0 = o &
e
o f(x)= Iog)((x)
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Dilerentiation rules
Chain Rule

Derivative of a function within a function:
f(x) = g(h(x)); f'(x)= g(h(x)) &h'(x)

Examples: — 3x
Zz =
100 {) ST o7 S = e 2
SO~ 8
o f(x)= log(1! x) < (75 2€3><

o f(X)=@2x+2)2 = 22X+
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Dilerentiation rules
Examples

We can combine many rules, What rules could we combine to bnd
f'(x) for the following function?

i
(Ao
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Dilerentiation rules

Examples

We can combine many rules, What rules could we combine to bnd
f'(x) for the following function?

f(x)=3x@2x+1)*

will require the product rule and the chain rule, where
g(x) =3x,k(x) =2x+1, and h(k) = k*.

CSSS Math Camp - Lecture 3 Adam Visokay and Jess Kunke (UW) September 11, 2024 14



Second & Third Derivatives

We can bnd the second derivative by taking the derivative of the
derivative. The third derivative is found by taking the derivative of
the second derivative and so on.

The second derivative is the ra’ge of change of the prst derivative
and can be written ag"(x) or 25f (x).
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Second & Third Derivatives

We can bnd the second derivative by taking the derivative of the
derivative. The third derivative is found by taking the derivative of
the second derivative and so on.

The second derivative is the rate of change of the prst derivative
and can be written asg "(x) or dx2f (x).
Examples

£)=5 I o ’QOﬁCX)

o (0 = Jog0) 5(@
5HLX3 f'(x) = /L‘fkl—' ' . GOZ:\)‘
§"Q70  d®y--1x AR

Sy =0 T §oo= 1
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Dilerentiation rules
distance, velocity, acceleration

LetOs take=distance, v=velocity, a=acceleration. You may
remember from physics, the distance travel after titne

d(t) = gtz

The velocity at any timet is the instantaneous rate of change of
the distancev(t) = d'(t):

a
v(t) =2 &t = at

The acceleration at any time is the instantaneous rate of change
of the velocity,a(t) = v'(t) = d"(t):

alt)= a

CSSS Math Camp - Lecture 3 Adam Visokay and Jess Kunke (UW) September 11, 2024
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Critical Values

Critical value occurs when the behavior of a function changes.
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Critical Values

Critical value occurs when the behavior of a function changes.

A maximumoccurs when a function stops increasing and starts to

decrease.
M OX

7t
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Critical Values

Critical value occurs when the behavior of a function changes.

A maximumoccurs when a function stops increasing and starts to
decrease.

A minimum occurs when a function stops decreasing and starts
increasing.
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Critical Values

Critical value occurs when the behavior of a function changes.

A maximumoccurs when a function stops increasing and starts to
decrease.

A minimum occurs when a function stops decreasing and starts
increasing.

If we are modeling a population or a behavior, knowing when the
maximum or minimum occurs is very useful. In statistics, Pnding
the maximum helps us Pnd values of interest (Maximum Likelihood
Estimates).
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Critical Values

Critical value occurs when the behavior of a function changes.

A maximumoccurs when a function stops increasing and starts to
decrease.

A minimum occurs when a function stops decreasing and starts
increasing.

If we are modeling a population or a behavior, knowing when the
maximum or minimum occurs is very useful. In statistics, Pnding
the maximum helps us Pnd values of interest (Maximum Likelihood
Estimates).

Mathematically, critical points are debned as the points where the
derivative is zero. As a function passes through a critical point, the
derivative goes from positive to negative (maximum) or negative
to positive (minimum).

CSSS Math Camp - Lecture 3 Adam Visokay and Jess Kunke (UW) September 11, 2024 17



Critical Values 6 60 = X +\

\ 22X
f(x)=x"2+1 § * ( 0\ P (® f(x)=Ix"211

%( N=2 (V)
Slen FRED
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Critical Values

We can us the brst derivative to Pnd the critical point by setting it

equal to zero and then solving for, the root. The goal is to Pnck
such thatf "(x) = 0.

However, as seen on the previous slide, the derivative is zero for
maximumsand minimums. How do we tell the dilerence?
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Critical Values

We can us the brst derivative to Pnd the critical point by setting it
equal to zero and then solving for, the root. The goal is to Pnck
such thatf "(x) = 0.

However, as seen on the previous slide, the derivative is zero for
maximumsand minimums. How do we tell the dilerence?

v ! O
%C\O': X ’5: CX> V\/\>

We use the second derivative.

N

\
. ) < O
L(\Q =2 §<3 neax
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Critical Values
For the max, the derivative decreases from positive to negative, so
the second derivative will be negative. For the min, the derivative
increases from negative to positive, so the second derivative will be
positive.

f(x)
f(x)

CSSS Math Camp - Lecture 3 Adam Visokay and Jess Kunke (UW) September 11, 2024 20



Critical Values
Examples

f(x) = 8x%+4x+2
SO = x4 4 + +
"= o

ey = b T =0
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Critical Values
Examples

f(x) = 8x%+4x+2
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Critical Values
Examples

8X"2+4x+2

200
|

100
|

f(x)

50
|
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Critical Values

Examples . —

f(x) = 8! 3(x+2)2

f'(x) = ! 6(x+2)
{0 = !6x! 12" 6x=12" x=12
f'x) = 16 —

The cricital value is atx = ! 2 and the second derivative is
negative, so it is a maximum.
M
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Critical Values

Examples

813(x+2)"2

)
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Critical Values

Saddle Points
If f “(x) = 0, then you have asaddle point This is a critical point
where the overall behavior of your function does not change.
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Critical Values

Saddle Points
If f “(x) = 0, then you have asaddle point This is a critical point
where the overall behavior of your function does not change.

For ex
f(x) f (x) @ f(x) = At x =0, we have

o) =T"(x) '

x"3

! 12 1 0 1 2 3
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Critical Values -
Global vs. Local

Some functions have more than one maximum or minimum.

We call the largest maximum or the lowest minimum tigéobal
critical point. All others are referred to aecal critical points.
When looking, ideally we want to bnd the global maximum or
minimum.
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Critical Values
Global vs. Local

[ (X13)(x+1)(x!4)(x!6) |

Local Max J
o 4
o
o
g
o
=
o |
<«
Global Min A\ J/

o
= [ 1

T ) T T T T 1 T

12 0 2 4 6 8
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The End

Questions?
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