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Outline

Di!erentiation of functions
DeÞning the derivative
Basic di!erentiation rules
Second, third, etc... derivatives

Critical points of functions
What is a critical point?
Maximum, minimum, and using the second derivative to tell
the di!erence
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What is the derivative?
The derivative can be thought of as the slope of the line tangent
to f (x) at the point x. (Skims the curve, touching only at the
point x).
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What is the derivative?
In statistics we are often interested in derivatives to help us Þnd
the values that maximize (or minimize) functions. We will be
particularly interested in the valuesx such that the derivative is
zero.
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Finding the Derivative

The derivative of a functionf (x) is the instantaneous rate at
which the function is changing atx. Why would be interested in
Þnding the derivative of a function?

growth rate of a population relative to change in time

change in distance relative to a change in time

marginal revenue - change in amount of money from item
sales relative to change in demand for the items

Think of it as Þnding the ÔslopeÕ of a function at speciÞc point. To
Þnd the average rate of change over an interval [a, b], we look at
the change inf (x) over the length of the interval.

f (b) ! f (a)
b ! a
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Finding the Derivative

So if we want to Þnd the rate of change at a valuex, we Þnd the
average rate of change over a very small interval (usually of length
! ).

f (x + ! ) ! f (x)
!

We look at what happens when! becomes very very small, i.e.
when the interval essentially just becomes the pointx.

The derivative off (x) at x is then:

lim! ! 0
f (x + ! ) ! f (x)

!

It is denoted by d
dx f (x) or f "(x).
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Di!erentiation with Limits

Given anf (x), how do we Þnd the derivativef "(x)?

f "(x) = lim! ! 0
f (x + ! ) ! f (x)

!
to start, letÕs write out the algebra and then take the limit.

Example:f (x) = mx + b
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Di!erentiation with Limits

Example:f (x) = ax2
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Di!erentiation Rules
Special functions

Derivative of a constant:

f (x) = a; f "(x) = 0

Derivative of a power:

f (x) = xn; f "(x) = nxn# 1

Derivative of an logarithmic Function:

f (x) = log(x); f "(x) = 1 / x

Derivative of an exponential:

f (x) = ex; f "(x) = ex
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Di!erentiation rules
Sums and scalar multiples of functions

Derivative of a constant times a function:

f (x) = a ág(x); f "(x) = a ág"(x)

Derivative of a sum of Functions:

f (x) = g(x) + h(x); f "(x) = g"(x) + h"(x)

Examples:

f (x) = 3 ex; f "(x) =

f (x) = 2 log(x); f "(x) =

f (x) = 3 x# 2 + 4x; f "(x) =
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Di!erentiation rules
Product Rule

Derivative of the product of two functions:

f (x) = g(x) áh(x); f "(x) = g"(x) áh(x) + h"(x) ág(x)

Examples:

f (x) = x2 áex

f (x) = 3 x álog(x)
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Di!erentiation rules
Quotient Rule

Derivative of the division of two functions:

f (x) =
g(x)
h(x)

; f "(x) =
h(x) ág"(x) ! g(x) áh"(x)

h(x)2

Examples:

f (x) = x2

ex

f (x) = 3x
log(x)
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Di!erentiation rules
Chain Rule

Derivative of a function within a function:

f (x) = g(h(x)); f "(x) = g"(h(x)) áh"(x)

Examples:

f (x) = e3x

f (x) = log(1 ! x)

f (x) = (2 x + 2) 2
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Di!erentiation rules
Examples

We can combine many rules, What rules could we combine to Þnd
f "(x) for the following function?

f (x) = 3 x(2x + 1) 4

will require the product rule and the chain rule, where
g(x) = 3 x, k(x) = 2 x + 1, and h(k) = k4.
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Second & Third Derivatives

We can Þnd the second derivative by taking the derivative of the
derivative. The third derivative is found by taking the derivative of
the second derivative and so on.

The second derivative is the rate of change of the Þrst derivative
and can be written asf ""(x) or d2

dx2 f (x).

Example:

f (x) = log(4x)

f "(x) =

f ""(x) =

f """(x) =
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Di!erentiation rules
distance, velocity, acceleration

LetÕs taked=distance, v=velocity, a=acceleration. You may
remember from physics, the distance travel after timet

d(t ) =
a
2

t 2

The velocity at any timet is the instantaneous rate of change of
the distance,v(t ) = d"(t ):

v(t ) = 2 á
a
2

t = at

The acceleration at any timet is the instantaneous rate of change
of the velocity,a(t ) = v"(t ) = d""(t ):

a(t ) = a
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Critical Values

Critical value occurs when the behavior of a function changes.

A maximumoccurs when a function stops increasing and starts to
decrease.

A minimum occurs when a function stops decreasing and starts
increasing.

If we are modeling a population or a behavior, knowing when the
maximum or minimum occurs is very useful. In statistics, Þnding
the maximum helps us Þnd values of interest (Maximum Likelihood
Estimates).

Mathematically, critical points are deÞned as the points where the
derivative is zero. As a function passes through a critical point, the
derivative goes from positive to negative (maximum) or negative
to positive (minimum).
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If we are modeling a population or a behavior, knowing when the
maximum or minimum occurs is very useful. In statistics, Þnding
the maximum helps us Þnd values of interest (Maximum Likelihood
Estimates).

Mathematically, critical points are deÞned as the points where the
derivative is zero. As a function passes through a critical point, the
derivative goes from positive to negative (maximum) or negative
to positive (minimum).
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Critical Values

!3 !2 !1 0 1 2 3

!1
0

1
2

3

f(x)=x^2+1

x

f(
x)

!3 !2 !1 0 1 2 3

!3
!2

!1
0

1

f(x)=!x^2!1

x

f(
x)

CSSS Math Camp - Lecture 3 Adam Visokay and Jess Kunke (UW) September 11, 2024 18

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User



Critical Values

We can us the Þrst derivative to Þnd the critical point by setting it
equal to zero and then solving forx, the root. The goal is to Þndx
such that f "(x) = 0.

However, as seen on the previous slide, the derivative is zero for
maximumsand minimums. How do we tell the di!erence?

We use the second derivative.
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We can us the Þrst derivative to Þnd the critical point by setting it
equal to zero and then solving forx, the root. The goal is to Þndx
such that f "(x) = 0.

However, as seen on the previous slide, the derivative is zero for
maximumsand minimums. How do we tell the di!erence?

We use the second derivative.

CSSS Math Camp - Lecture 3 Adam Visokay and Jess Kunke (UW) September 11, 2024 19

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User



Critical Values
For the max, the derivative decreases from positive to negative, so
the second derivative will be negative. For the min, the derivative
increases from negative to positive, so the second derivative will be
positive.
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Critical Values
Examples

f (x) = 8 x2 + 4x + 2
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Examples
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Critical Values
Examples
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Critical Values
Examples

f (x) = 8 ! 3(x + 2) 2

f "(x) = ! 6(x + 2)

0 = ! 6x ! 12 " ! 6x = 12 " x = ! 2

f ""(x) = ! 6

The cricital value is atx = ! 2 and the second derivative is
negative, so it is a maximum.
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Critical Values
Examples
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Critical Values
Saddle Points

If f ""(x) = 0, then you have asaddle point. This is a critical point
where the overall behavior of your function does not change.

For example:
f (x) = x3, f "(x) = 3 x2, f ""(x) = 6 x. At x = 0, we have
f "(x) = f ""(x) = 0.
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Critical Values
Saddle Points
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Critical Values
Global vs. Local

Some functions have more than one maximum or minimum.

We call the largest maximum or the lowest minimum theglobal
critical point. All others are referred to aslocal critical points.
When looking, ideally we want to Þnd the global maximum or
minimum.
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Critical Values
Global vs. Local
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The End

Questions?
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