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Lecture 2: Matrix Algebra

Matrix Algebra
Debpnitions, notation
Matrix Arithmetic
Determinants - existence of an inverse
Linear equations
Least Squares and Regression with matrices
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Motivation

Matrix algebra provides concise notation and rules for manipulating
matrices (arrays of numbers).

Matrix algebra will be important for computing linear regression
estimates.
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Motivation

Example dataframe:

region years usm lower upper
All 80-84 0.1691030 0.1573394 0.1815566
All 85-89 0.1603335 0.1490694 0.1722763
All 90-94 0.1208087 0.1079371 0.1349829
tanga 80-84 0.1810487 0.1369700 0.2354425
tanga 85-89 0.2230574 0.1677716 0.2902086

a b wdNPE
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Debnitions & Notation

What is a matrix?

A matrix is an array of number is a rectangular form.

Examples:
! #
12 6 4 % &
n 4 3 2
A="5 8 12 8$B= 1 > 2
4 3 2 1

whereA is a 3 4 matrix andB is a 2 3 matrix. Note: matrix
dimensions are always listed as rolvscolumns.
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Debnitions & Notation
What is a matrix?

In mathematical notation, a matrix is written
! #
., X11 X12 X13
X=" X1 X2 X239

X31 X32 X33

Wherex; is the value in theth row and thejth column of matrix
X.
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Debnitions & Notation
Special Matrices

A vector is a matrix that hasn rows and 1 column (or 1 row and

columns).
Examples: I
1 ( . 4
126 4 o "59%
1
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Debnitions & Notation
Special Matrices

A vector is a matrix that hasn rows and 1 column (or 1 row and

columns).
Examples: I #
. ( ) 4
126 4 o "59%
1
A squarematrix has the same number of rows and columns.
Example: % &
4 3
1 2
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Debnitions & Notation
Special Matrices

A symmetricmatrix has elements such thag; = x;.
Example:

#
$

(620 SN ]
wWw N b
~N W o1

>V Spure YT X
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Debnitions & Notation
Special Matrices

A symmetricmatrix has elements such thag; = x;.
Example:

#
$

13 I N
w N A
L g w o

o

A symmetric matrix must also be a square matrix.
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DePnitions & Notation

Special Matrices
A diagonalmatrix is a matrix that is zero everywhere except on
the diagonal. Where the diagonal is debned as all elements for
which the row number is equal to the column number
{(1,1),(2,2),(3,3),...}.

]01\ Sgur<
B Sy anetec
2) VoS ©on nm-o[('aﬂomd\\
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DePnitions & Notation
Special Matrices
A diagonal matrix is a matrix that is zero everywhere except on
the diagonal. Where the diagonal is debPned as all elements for
which the row number is equal to the column number
{(1,1),(2,2),(3,3),...}.
I

#
1 00
"0 2 0%
0 07
A special case of a_ diagonal matrix is tidentity matrix. Its

diagonal elements are all ones.

Clearly, the identity matrix (or any other diagonal matrix) is also
symmetric.
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Matrix Arithmetic A g

Basic Operations

Matrix Equality: Two matricesA, B are equal if and only if, for all
elements, eacly; = bjj. (Note: this means they must have the
same dimensions.)

Matrix Transpose The transposeof a matrix is found by
interchanging the corresponding rows and columns of a matrix.
The brst row becomes the brst column, the second row becomes
the second clump, etc. The dimensions are then switched and the
elementa; becomes the elemers;. The transposed matrix is
often denotedA! (or A"). —

©ra) A = b 2=q1y

e fder ]~ o= ® ]
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Matrix Arithmetic

Basic Operations

Matrix Equality: Two matricesA, B are equal if and only if, for all
elements, eacly; = bjj. (Note: this means they must have the
same dimensions.)

Matrix Transpose The transposeof a matrix is found by
interchanging the corresponding rows and columns of a matrix.
The brst row becomes the brst column, the second row becomes
the second clump, etc. The dimensions are then switched and the
elementa; becomes the elemers;. The trf':msposed matrix is

often denotedA! (or A!)i
D f oA
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Matrix Arithmetic
Addition & Subtraction

Two matrices can be added or subtracted only if their dimensions
are the same (both rows and columns). The corresponding
elements are then added or subtracted.

Z o o & \ % ‘&
", @@ b e B
@ a2) 7 M2y bz 7z (Baa+ bab) &g ¥ b2

2x2 1212 2x/

Of  repct o ploca in the watex

1€ Car Tnice o~ any Valne .
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Matrix Arithmetic
Addition & Subtraction

Two matrices can be added or subtracted only if their dimensions
are the same (both rows and columns). The corresponding
elements are then added or subtracted.

% & % & %
aiy a2 . b bz _ anp+ by appt b
a1 a2 P21 ba2 a1+ ba1 @+ by
Example: 2
% & Y & ¢ &
26", ™38 "1 v
3 5 6 9 @ T "3 "4
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Matrix Arithmetic
Scaler Multiplication

K,

To multiply a matrix by ascalar (a constant value), multiply each
element by that number.
Example:

378 924
9

18 27‘

\d

0L|
JO'J

K# = ZKa,‘ K.,
Ka,, (<a”:(
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Matrix Arithmetic

Matrix Multiplication
Two matrices can be multiplied only if the number of columns of
the brst matrix equals the number of rows of the second matrix
(the inside numbers). The resulting matrix has dimensions:
number of rows of Prst matrix by number of columns of second
matrix (the outside numbers).

K‘lA l/v\'\l%'é \{ < o Comg&‘an"'

PY © P AF AC ' Br | 5¢
Veceseary ; AC: R,
QUU\A\ Dim* F\r X Bc
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Matrix Arithmetic

Matrix Multiplication
Two matrices can be multiplied only if the number of columns of
the brst matrix equals the number of rows of the second matrix
(the inside numbers). The resulting matrix has dimensions:
number of rows of brst matrix by number of columns of second\”
matrix (the outside numbers).

Multipling a row vector by a column vector: | @3)(3 K®
#

203 Vb y
A:' an a2 &3 ( B=Z bn$ = 3" e
3 ba value

Ais (1! 3);Bis(3 1), ABis (! 1), i.e. a scalar.
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Matrix Arithmetic
Matrix Multiplication
Two matrices can be multiplied only if the number of columns of
the brst matrix equals the number of rows of the second matrix
(the inside numbers). The resulting matrix has dimensions:
number of rows of Prst matrix by number of columns of second
matrix (the outside numbers).
&, b

n

Multipling a row vector by a column vector: Ay * by
NN Ay by
3
y ) e b

Ais (1! 3);Bis(3 1), ABis (! 1), i.e. ascalar.
We multiply a row and column vector by taking the_cross product
of the numbers irA and B. Suam of e croff Pood i

AA&B = a1 dbyy + ayp dbpy + ay3 dbs;
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Matrix Arithmetic 2 @ Result

Matrix Multiplication

7 3 ) " £t
'| % 2 @, a & I bi1 b
A= 11 A2 &3 B=3 by by $
2 a1 ax» a3 2 by ba

Ais (2! 3);Bis (3 2).
Ad&B is (2! 3a3! 2)resultsin 2 2.
B aAis (3! 242! 3)resultsin 3 3.
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Matrix Arithmetic
Matrix Multiplication

Z X7

é ; 012 ]
A1 A2 A3
b32
|( lL

Ais (2! 3);Bis (3 2).
Ad&B is (2! 3a3! 2)resultsin 2 2.
BaAis (3! 242! 3)resultsin 3 3. j

We bnd each elementf);; by summing the crossproducts of the
ith row of A and thejf® column of B.

%
A = a1 dDit anpdby + agaby &g Abip + @ by + A3 b
Ay aAbpy + ayp Ay + @z Azy Ay Ab1p + A Ao + A3 A
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Matrix Arithmetic
Multiplication Examples

Examples:
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Matrix Arithmetic 2% 3 2 x 7

o 2 R2-1R
Multiplication Examples
> }4
3 x3
Examples: | " . # 2-2 n2-7
1 3 8 39
A="6 9 6% B="2 1%

! # #
1a3+3a2+843 1a9+3al+8a2 33 28

AB="643+942+643 649+941+64a2%="54 759
243+1482+3483 2489+1a1+3a2 17 25

Note: A @B is not necessarily equal tB aA. For matrix
multiplication, order matters. In this casB &A cannot be
computed as the dimensions are not compatiblel (243! 3).
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Matrix Arithmetic

Practice

What is the dimension oAB? Is it possible to comput&A? Find

AB.
| #

% & L

Az 3141 Bzao*

59 2 6 1%

0
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