
Matrix Arithmetic
Inverse

Matrix Inverse:

The inverse of a number is its reciprocal; a number multiplied by
its inverse equals 1. (4á1/ 4 = 1)

The inverse of a matrixA is the matrixA! 1 that satisÞes
A áA! 1 = I . WhereI is the identity matrix (ones along the
diagonal and the rest are zeros).Only square matrices can have
inverses.

Remember that matrix multiplication is not just multiplying pairs
of elements, so we canÕt just Þnd the reciprocal of each element.
So how do we Þnd the inverse? How do we know if the inverse
exists?
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Matrix Arithmetic
Determinant

The determinant is a number that can be computed for any square
matrix.

For a 2! 2 matrix,

A =
!

a b
c d

"

the determinant isD(A) = a ád " b ác.

If the determinant is zero, no inverse exists. If the determinant is
nonzero then the inverse exists.

If no nverse exists the matrix is calledsingular.
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Matrix Arithmetic
Determinant Example

A =
!

4 12
3 6

"

D = 4 á6 " 12á3 = " 12. Inverse exists.

A =
!

2 4
1 2

"

D = 2 á2 " 4 á1 = 0. Inverse does not exist,
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Matrix Arithmetic
Inverse Example

Once we know the inverse exists, we can Þnd it.
For a 2! 2 matrix,

A =
!

a b
c d

"

A! 1 =
1

D(A)

!
d " b

" c a

"

where againD(A) = a ád " b ác. Example:

A =
!

4 12
3 6

"
, A! 1 =

1
" 12

!
6 " 12

" 3 4

"
=

!
" 1/ 2 1
1/ 4 " 1/ 3

"

Note: Finding the inverse for higher dimensions involves more
comp;located formulas and is usually solved by a math software.
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Linear Equations

LetÕs go back to thinking about systems of two equations:

ax + by = g

cx + dy = f

Previously we solved this system by eliminating they variable,
solving forx, and then substituting back in fory.

No we can write this system in matrix notation:

A =
!

a b
c d

"
, z =

!
x
y

"
, w =

!
g
f

"

Solving our system of equations is the same as solving forz in the
matrix equation:

A áz = w
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Linear Equations
Examples

Solving our system of equations is the same as solving forz in the
matrix equation:

A áz = w

So how do we solve forz?

First, left-multiply the equation byA! 1:

A! 1 áA áz = A! 1 áw

By deÞnitionA! 1 áA = I . Thus,

I áz = A! 1 áw or z = A! 1 áw.

So we can Þndz = ( x, y), the solution to our system, by Þnding
z = A! 1 áw.
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Linear Equations
Examples

2x + y = 1

4x + 3y = 8

A =
!

2 1
4 3

"
, z =

!
x
y

"
, w =

!
1
8

"

A! 1 =
1

2 á3 " 4 á1

!
3 " 1

" 4 2

"
=

!
3/ 2 " 1/ 2
" 2 1

"

z = A! 1áw =
!

3/ 2 " 1/ 2
" 2 1

"
á
!

1
8

"
=

!
3/ 2 á1 + " 1/ 2 á8

" 2 á1 + 1 á8

"
=

!
" 5/ 2

6

"
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Examples
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Least Squares

Often we have much more data that pairs of points. We may have
a survey where we askedn people the samep questions. We can
put that data in a matrix of dimensionsn ! p, where each row is a
person and each column is one of the asked questions.

Before we saw how to put a line through two points (y = mx + b).
What if we wanted to put a line through many points?
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Least Squares
Example
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Least Squares

So how do we choose this line?

We can write the equation:

y # ! 0 + ! 1x1 + ... + ! pxp

where we have an intercept! 0 and then a slope! i for eachxi

(wherei = 1 , .., p). This equation has to describe the relationship
as best it can for alln people we asked.In matrix notation:

#

$
y1

...
yn

%

& #

#

$
1 x11 ... x1p

1 ... ... ...
1 xn1 ... xnp

%

& á

#

$
! 0

...
! p

%

&

or y # X ! .
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Least Squares
Example

The linear least squares procedure Þnds the line that minimizes the
squared distance between the points and the line.

! =
'
X t áX

( ! 1 X t y

To see this note thaty is n ! 1, X is n ! (p + 1), and ! is
(p + 1) ! 1:

y # X !

X t y # X t X !
'
X t X

( ! 1 X t y #
'
X t X

( ! 1 X t X !
'
X t X

( ! 1 X t y # I á!

! #
'
X t áX

( ! 1 X t y
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Least Squares
Example

The linear least squares procedure Þnds the line that minimizes the
squared distance between the points and the line.
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