Matrix Arithmetic

Inverse

Matrix Inverse

The inverse of a number is its reciprocal; a number multiplied by
its inverse equals 1. (41/4=1)
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Matrix Arithmetic

Inverse

Matrix Inverse

The inverse of a number is its reciprocal; a number multiplied by
its inverse equals 1. (41/4=1)

The inverse of a matri¥\ is the matrix A'  that satisbes

AaA' L = |. Wherel is the identity matrix (ones along the
diagonal and the rest are zerosPnly square matrices can have
inverses.
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Matrix Arithmetic

Inverse

Matrix Inverse

The inverse of a number is its reciprocal; a number multiplied by
its inverse equals 1. (41/4=1)

The inverse of a matri¥\ is the matrix A'  that satisbes

AaA' L = |. Wherel is the identity matrix (ones along the
diagonal and the rest are zerosPnly square matrices can have
inverses.

Remember that matrix multiplication is not just multiplying pairs

of elements, so we canOt just bnd the reciprocal of each element.
So how do we bnd the inverse? How do we know if the inverse
exists?
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Matrix Arithmetic

Determinant

The determinantis a number that can be computed for any square
matrix.

For a 2! 2 matrix, I "
_ab
AS ¢ d

the determinant isD(A) = aad " b ac.
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Matrix Arithmetic

Determinant

The determinantis a number that can be computed for any square
matrix.

For a 2! 2 matrix, [ "

_ab
A_cd

the determinant isD(A) = aad " b ac.

If the determinant is zero, no inverse exists. If the determinant is
nonzero then the inverse exists.

If no nverse exists the matrix is calleihgular
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Matrix Arithmetic

Determinant Example

I n
4 12
A= 3 6

D=44&" 1243 =" 12. Inverse exists.
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Matrix Arithmetic

Determinant Example

! n
4 12

3 6

D=44&" 1243 =" 12. Inverse exists.
! n
2 4
1 2

A=

A=

D=23a2" 44l =0. Inverse does not exist,
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Matrix Arithmetic

- [a b
Inverse Example ﬁr c C(
Once we know the inverse exists, we can Dn%&f(‘A} ad - b¢
For a 2! 2 matrix, ! " —
A= ? g ~1
3 4 L AN
O o \ Al 1 d "
D(A) "¢ EZ"FZ "H
where agaer(A)z aadd" bac. Example: ”5 3"6/% 3)
I
! Z\A'z n | n ' Z'XZ [ O
_ 4 12 1 1 6 "12 _ (V2
A= 36 " A T v3 4 T V3

Note: Finding the inverse for higher dimensions involves more
comp;located formulas and is usually solved by a math software.
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Linear Equations

LetOs go back to thinking about systems of two equations:

—I
) [@ﬂ %] &b C AR =T
o AR =T
Previously we solved this system by eliminating theariable,
solving forx, and then substituting back in foy.

No we can write this system in matrix notation:
I m l n ! n

A= ,Z=X,W=
o

Solving our system of equations is the same as solving fior the
matrix equation: -1
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Linear Equations
Examples

Solving our system of equations is the same as solving fior the
matrix equation:
Aaz=w

So how do we solve far?
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Linear Equations
Examples

Solving our system of equations is the same as solving fior the
matrix equation:
Adz=w

So how do we solve far? First, left-multiply the equation byA' 1:

Alanaz = A" taw
By debnitionA' 1 4A = |. Thus,
e
laz= A taworz= A taw.
= —— e
So we can bPna = (x,Yy), the solution to our system, by bnding
z=A"law.

CSSS Math Camp - Lecture 2 Adam Visokay and Jess Kunke (UW) September 10, 2024
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Linear Equations
Examples

L 2x+y=1
o 4x +3y =8 ngu \‘k

w2 =2=F 58l

A-» =9 det (i) = ad ~Cc

0
C

v

~72.3 =1
| :‘b - 4
- _L/ A _)31 :"_.,3 ]:Z -
f = &@\(/OEC & 2= IZ N =
72 %131 :[3/2 ’“—}TA
J{‘/fw\ 3 (27 mx
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Linear Equations
Examples

CSSS Math Camp - Lecture 2

xX+y=1

4x+3y =8

n ! n
L Z = X W =
3 ’ - y ’ -

Adam Visokay and Jess Kunke (UW)

September 10, 2024

23



Linear Equations
Examples

xX+y=1
4x+3y =8
!2 1" P !1"
A 43 27 ; -
1 R "1":!3/2 2
2a3" 44 "4 2 "2 1

A
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Linear Equations

Examples 5: 10
.2 =W /
pV z ) 5’4,77(51"“\6

—( = 2 1 Z= W =
Z=fhw 43" y
! " [ "
Al 1 3 "1 32 "2
243" 44 "4 2 "2 1
~I
|
Z=A = "2 2a1+1a8 O

~ \/1\ N
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Least Squares

Often we have much more data that pairs of points. We may have
a survey where we askedpeople the sam@ questions. We can

put that data in a matrix of dimensions! p, where each row is a
person and each column is one of the asked questions.
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Least Squares

Often we have much more data that pairs of points. We may have
a survey where we askedpeople the sam@ questions. We can

put that data in a matrix of dimensions! p, where each row is a
person and each column is one of the asked questions.

Before we saw how to put a line through two pointg € mx + b).
What if we wanted to put a line through many points?

CSSS Math Camp - Lecture 2 Adam Visokay and Jess Kunke (UW) September 10, 2024 24



Least Squares c soved A FFevence
Example 0(
heeer o Qoind S ond

\;V\L* \\\Q‘O‘S* S%\Jﬂ-rUS” \-S

Line widh v X esX Fox
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Least Squares

So how do we choose this line?
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Least Squares

So how do we choose this line? _ E) + b
We can write the equation: >’ - rX\ ©

where we have an intercepty and then a slopé ; for eachx;
(wherei =1,..,p). This equation has to describe the relationship
as best it can for alh people we asked.
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Least Squares

So how do we choose this line?
We can write the equation:

y# 1o+ laxg+ ..+ 1 pXp

where we have an intercepty and then a slopé ; for eachx;
(wherei =1,..,p). This equation has to describe the relationship
as best it can for alh people we askedin matrix notation:
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Least Squares
Tnomeg X A?)Q/ Sex
(onteL
So how do we choose this line?
We can write the equation:

@#@+©@+ ot oo

where we have an intercepty and then a slopé ; for eachx;
(wherei =1,..,p). This equation has to describe the relationship
as best it can for alh people we askedin matrix notation:
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Least Squares

Example
The linear least squares procedure Pnds the line that minimizes the
squared distance between the points and the line.

(11
v pX

| = Xt ax Xty
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Least Squares

Example
The linear least squares procedure Pnds the line that minimizes the
squared distance between the points and the line.

' (1

= Xtax “Xly

To see this note thaty isn! 1, X isn! (p+1),and! is
(p+1)! 1 - -
X x O

y # X!
VV‘”(“X m R W
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Least Squares

Example
The linear least squares procedure Pnds the line that minimizes the
squared distance between the points and the line.

= xtaxl txty

To see this note thaty isn! 1, X isn! (p+1),and! is
(p+1)! 1:

y # X!
Xty # X'XI
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Least Squares
Example
The linear least squares procedure Pnds the line that minimizes the
squared distance between the points and the line.
= xtaxl txty

To see this note thaty isn! 1, X isn! (p+1),and! is
(p+1)! 1:

y # X!
, ( Xty # X'X!

Xt ity # @@
AT S
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Least Squares
Example

The linear least squares procedure Pnds the line that minimizes the

squared distance between the points and the line.

= xtaxl txty

To see this note thaty isn! 1, X isn! (p+1),and! is
(p+1)! 1:

y # X!
, Xty # X'X!

t (!1 t t (!1 t
XEXT Xty # XX XX
xtx(’lxty # 14

~— -
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Least Squares
Example

The linear least squares procedure Pnds the line that minimizes the

squared distance between the points and the line.

= xtaxl txty

To see this note thaty isn! 1, X isn! (p+1),and! is
(p+1)! 1:

y # X!
, Xty # X'X!
t(!lt t(!lt
XEXT Xty # XX XX
xix xty # 14a
It,(!lt
Io# xXtax Xty
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